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Abstract We investigate magnetic properties and strong coupling corrections in
the BCS (Bardeen-Cooper-Schrieffer)-BEC (Bose-Einstein condensation) crossover
regime of an ultracold Fermi gas. Within the framework of an extended T -matrix
theory, we calculate the spin susceptibility χ above the superfluid phase transition
temperature Tc. In the crossover region, the formation of preformed Cooper pairs
is shown to cause a non-monotonic temperature dependence of χ , which is simi-
lar to the so-called spin-gap phenomenon observed in the under-doped regime of
high-Tc cuprates. From this behavior of χ , we determine the spin-gap temperature
as the temperature at which χ takes a maximum value, in the BCS-BEC crossover
region. Since the spin susceptibility is sensitive to the formation of singlet Cooper
pairs, our results would be useful in considering the temperature region where
pairing fluctuations are important in the BCS-BEC crossover regime of an ultra-
cold Fermi gas.
PACS numbers: 03.75.Hh, 05.30.Fk, 67.85.Lm.
1 Introduction
Recently, the ultracold Fermi gas has attracted much attention as a useful quantum
system to study many-body physics in a strongly interacting fermion system1,2.
In particular, using a tunable pairing interaction associated with a Feshbach res-
onance3, we can now study superfluid properties from the weak-coupling BCS
regime to the strong-coupling BEC limit in a unified manner1,2,4. In the inter-
mediate coupling regime, which is referred to as the BCS-BEC crossover region
in the literature, physical properties of a system are dominated by pairing fluctua-
tions. Thus, in this regime, the possibility of the so-called pseudogap phenomenon
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2has been discussed5,6,7,8,9,10,11,12, where preformed Cooper pairs cause a gap-like
structure in the single-particle excitation spectrum even in the normal state.
However, the existence of the pseudogap in ultracold Fermi gases is still in de-
bate. The photoemission-type experiment on a 40K Fermi gas has observed anoma-
lous single-particle excitation spectra in the BCS-BEC crossover region13,14, which
supports the pseudogap scenario5,6,7,8,9,10,11,12. On the other hand, the local pres-
sure measurement on a 6Li Fermi gas denies the pseudogap, where the experimen-
tal data are reported to be simply explained by the normal Fermi liquid theory15.
Thus, although it has been pointed out that the latter experimental result can be
also explained by the pseudogap scenario16, further studies are necessary to re-
solve this important problem.
In considering this many-body problem, extensive work done in high-Tc cuprates
would be helpful. In this strongly correlated electron system, the pseudogapped
density of states has been observed in the underdoped regime17, although the
origin of this phenomenon still remains to be solved, due to the complexity of
this system. In addition to this, in the underdoped regime, the so-called spin-gap
phenomenon has been observed, where the uniform susceptibility, as well as the
nuclear magnetic relaxation rate (NMR-T−11 ), exhibit anomalous temperature de-
pendences18. In this regard, we note that, when the pseudogap really exists in the
BCS-BEC crossover regime of cold Fermi gases, since the spin susceptibility χ is
deeply related to the density of states at the Fermi level, χ would be suppressed by
this phenomenon. Furthermore, the pseudogap in cold Fermi gases originates from
pairing fluctuations being accompanied by preformed Cooper pairs, these singlet
pairs would also suppress the spin susceptibility. Thus, as a probe to examine the
pseudogap phenomenon in cold Fermi gases, the uniform spin susceptibility may
be useful. We briefly note that the observation of this quantity has recently become
possible in cold Fermi gases19,20.
In this paper, we theoretically investigate magnetic properties of an ultracold
Fermi gas in the normal state. In considering this problem, we recall that the
strong-coupling coupling theory developed by Nozie`res and Schmitt-Rink21,22,
as well as the ordinary T -matrix theory5,8,23,24, that have been extensively used
to clarify various BCS-BEC crossover physics in cold Fermi gases, unphysically
give negative susceptibility in the crossover region25,26,27. This difficulty has been
, however, recently overcome by properly including higher order fluctuation ef-
fects beyond the T -matrix level27. In this paper, we also employ this extended
T -matrix theory to calculate the uniform (pseudo)spin susceptibility χ . We show
how this quantity is affected by pairing fluctuations in the BCS-BEC crossover re-
gion. We also introduce the spin-gap temperature as the temperature below which
χ is suppressed by the preformed pair formation. In this paper, we take h¯= kB = 1,
and the system volume is taken to be unity, for simplicity.
2 Formulation
We consider a two-component Fermi gas, described by the BCS Hamiltonian,
H = ∑
p,σ
ξp,σ c†p,σ cp,σ −U ∑
p,p′,q
c
†
p+q/2,↑c
†
−p+q/2,↓c−p′+q/2,↓cp′+q/2,↑. (1)
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Fig. 1 (a) Single-particle Green’s function Gσ (p, iωn) (double solid line). The single solid line
describes the Green’s function G0σ (p, iωn) for a free Fermi gas. (b) Self-energy correction
Σσ (p, iωn) in the extended T -matrix theory. The dashed line describes the pairing interaction
−U . (c) Particle-Particle scattering matrix Γ (q, iνn). We note that the bare Green’s function G0
is still used in Γ (q, iνn) in the extended T -matrix theory 27.
Here, c†p,σ is the creation operator of a Fermi atom in the hyperfine state described
by pseudospin σ =↑,↓. ξpσ = p2/(2m)− µσ is the kinetic energy of the σ -spin
component, measured from the chemical potential µσ (where m is an atomic
mass). When one writes the chemical potential as µσ = µ +σh, h may be viewed
as an effective magnetic field, which we will use in calculating the spin suscep-
tibility χ . When h > 0, the system has a population imbalance ∆N = N↑−N↓
(where Nσ is the total number of Fermi atoms in the σ -spin component). In Eq.
(1), −U(< 0) is a tunable pairing interaction associated with a Feshbach reso-
nance. For simplicity, we ignore effects of a harmonic trap in this paper.
As usual, we measure the interaction strength in terms of the s-wave scattering
length as, given by
4pias
m
=
−U
1−U ∑ωcp mp2
, (2)
where ωc is a cut-off energy. In this scale, the weak-coupling BCS regime and
the strong-coupling BEC regime are given by (kFas)−1 <∼ − 1 and (kFas)−1 >∼ 1,
respectively (where kF is the Fermi momentum). The crossover region is charac-
terized as −1 <∼ (kFas)−1 <∼ 1.
The uniform spin susceptibility χ is calculated from
χ = lim
h→0
∆N
h = limh→0
N↑−N↓
h . (3)
In this paper, we numerically evaluate Eq.(3), by taking a small but finite value of
h. The particle number Nσ in the σ -spin component in Eq.(3) is calculated from
Nσ = T ∑
p,iωn
Gσ (p, iωn). (4)
4Here, Gσ (p, iωn) is the single-particle thermal Green’s function, having the form
Gσ (p, iωn) =
1
iωn−ξp,σ −Σσ (p, iωn) , (5)
where ωn is the fermion Matsubara frequency. The self-energy Σσ (p, iωn) involves
fluctuation corrections to single-particle excitations. In the extended T -matrix the-
ory27, it is diagrammatically given by Fig.1. Summing up the diagrams in this
figure, one has
Σσ (p, iωn) = ∑
q,iνn
Γ (q, iνn)G−σ (q−p, iνn− iωn), (6)
where νn is the Boson Matsubara frequency. The particle-particle scattering matrix
Γ (q, iνn) has the form,
Γ (q, iνn) =
−U
1−UΠ(q, iνn)
, (7)
where
Π(q, iνn) = ∑
p,iωn
G0↑(p+q/2, iνn + iωn)G0↓(−p+q/2,−iωn), (8)
is the lowest-order pair correlation function. G0σ (p, iωn) = 1/(iωn− ξp,σ ) is the
single-particle Green’s function for a free Fermi gas.
The superfluid phase transition temperature Tc is conveniently determined from
the Thouless criterion,
Γ−1(q = 0, iνn = 0) = 0, (9)
together with the equation for the total number N of Fermi atoms,
N = N↑+N↓. (10)
In solving the coupled equations (9) and (10), we set h = 0 (µ↑ = µ↓). We show
the calculated Tc in Fig.2(b).
Once Tc is determined, we only solve the number equation (10) above Tc for
a small but finite value of h, to determine the average chemical potential µ ≡
(µ↑+µ↓)/2. We then calculate the spin susceptibility in Eq. (3). In this procedure,
the small value of h is chosen so that the numerator in Eq.(3) be proportional to h.
We briefly note that the ordinary (non-selfconsistent) T -matrix theory is re-
covered, when the full Green’s function Gσ in Fig.1(a) is simply replaced by the
non-interacting one G0σ . Because of this improvement, the calculated spin sus-
ceptibility in the present extended T -matrix theory satisfies the required positivity
in the whole BCS-BEC crossover region27.
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Fig. 2 (Color online) (a) Calculated spin susceptibility χ as a function of temperature. χ0(0)
is the spin susceptibility at T = 0 for a free Fermi gas, TF is the Fermi temperature. kF is the
Fermi momentum. The arrows show the spin-gap temperatures. (b) Spin-gap temperature T ∗
(solid line). The dashes line shows Tc.
3 Spin-gap Phenomenon in the BCS-BEC Crossover Region
Figure 2(a) shows the temperature dependence of the spin susceptibility χ in the
BCS-BEC crossover region. In the BCS regime ((kFas)−1 =−1), χ increases with
decreasing the temperature when T/TF & 0.12, which is similar to the temperature
dependence of the spin susceptibility χ0 for a free Fermi gas, given by28
χ0(T )≃ χ0(0)
[
1−
pi2
12
( T
TF
)2]
(T ≪ TF). (11)
However, in contrast to the free Fermi gas, χ decreases with decreasing the tem-
perature when T/TF <∼ 0.12. Since the spin degrees of freedom is suppressed by
preformed singlet Cooper pairs, this decrease is considered to originate from pair-
ing fluctuations. Indeed, this low temperature behavior gradually becomes remark-
able, as one passes through the BCS-BEC crossover region, as shown in Fig.2(a).
As a characteristic temperature to describe this non-monotonic behavior of χ ,
we conveniently define the spin-gap temperature T ∗ as the temperature at which
the spin susceptibility takes a maximum value. When we plot T ∗ in the BCS-
BEC crossover region, we obtain Fig.2(b). Although T ∗ is not accompanied by
any phase transition, this crossover temperature physically means that preformed
singlet pairs start to appear around this temperature.
To understand the non-monotonic behavior of χ in a simple manner, we divide
the number equation (10) into the sum of the non-interacting part,
Nfree = T ∑
p,iωn
∑
σ
G0σ (p, iωn), (12)
and the fluctuation contribution Nfluc, as N =Nfree+Nfluc. When we simply assume
that, while the non-interacting part behaves as a free Fermi gas, the fluctuation
component Nfluc does not contribute to χ because of their singlet formation, χ
may be simply estimated as
χ(T )≃ χ0(T )×
Nfree(T )
N
. (13)
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Fig. 3 (Color online) (a) The number of free Fermi atoms Nfree, and spin susceptibility χ0(T )
for a free Fermi gas, as functions of temperature. (b) Comparison of χ calculated in the extended
T -matrix approximation and Eq. (13). In this figure, we take (kFas)−1 = 0.
As shown in Fig.3(a), while χ0(T ) simply increases with increasing the tempera-
ture, Nfree decreases due to the enhancement of pairing fluctuations near Tc. As a
result, Eq.(13) exhibits a non-monotonic temperature dependence, which is qual-
itatively consistent with χ in the extended T -matrix theory. (See Fig.3(b).)
We note that, in contrast to the complicated high-Tc cuprates, the BCS-BEC
crossover physics of cold Fermi gases is simply dominated by pairing fluctuations.
Thus, both the pseudogap phenomenon and spin-gap phenomenon in this system
are attributed to fluctuations in the Cooper channel. In this case, if the pseudo-
gap really exists in the single-particle density of states, the ‘(pseudo)gap energy’
would reflect the ‘binding energy’ of a preformed Cooper pair. Thus, the spin-gap
temperature T ∗ is expected to be related to the pseudogap temperature (Tpg) evalu-
ated from the density of states5,16. However, comparing T ∗ with Tpg, the former is
found to be higher than the latter5,16. This indicates that the spin susceptibility is
more sensitive to pairing fluctuations being accompanied by preformed pairs than
the density of states (although the detailed comparison of T ∗ with Tpg somehow
depends on their definitions, because they are crossover temperatures).
4 Summary
To summarize, we have discussed the spin susceptibility χ in the BCS-BEC crossover
regime of an ultracold Fermi gas. Within the framework of an extended T -matrix
theory, we showed that χ exhibits a non-monotonic temperature dependence in the
crossover region, reflecting the formation of preformed singlet Cooper pairs. We
have also determined the spin-gap temperature T ∗ as the temperature at which χ
takes a maximum value. This crossover temperature is higher than the pseudogap
temperature evaluated from the single-particle density of states, indicating that the
spin susceptibility is a useful probe to examine strong-coupling phenomena in this
system. Since the pseudogap phenomenon is an important topic in the BCS-BEC
crossover regime of ultracold Fermi gases, our results would be helpful for further
understanding of this many-body phenomenon.
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